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SUMMARY 


The equations of motion for a two-segment deploying telescopic beam are derived through application 

rIr aSr T g I S r q T n ' ThC ° Uter tUbe ° f thC bCam is fixed at one e " d inner tube sHdesS 

relative to the fixed segment. The resulting nonlinear, non-autonomous set of equations is linearized 

and simplified to the standard Euler-Bernoulli partial differential equations for an elastic beam by 
and f °y m ent process at various stages of deployment, and examining the small amplitude 
natural modes of vibration of the resulting configuration. Application of the natural boundary 
onditions and compatibility of motion relations for the two segments in their common region^ 
overlap leads to a transcendental characteristic equation in the frequency parameter pL where 


(blY=^L. 

^ El ’ 


L = length of beam 

m - mass / unit length of fixed beam segment 
El = flexural rigidity of the beam 
t o = frequency 


Numerical solution of the equation for the characteristic roots determines the modal frequencies and 

e coirespon ing mode shapes are obtained from the general solution of the Euler-Bernoulli equation 
tailored to the natural boundary conditions. Bernoulli equation 

Sample results of modal frequencies and shapes are presented for various stages of deployment and 
discussed. It is shown that for all intermediate stages of deployment (between 0% and 100%) the 
pectral distribution is drastically altered by the appearance of regions of very 
frequencies. The sources of this modal agglomeration are explored. 


* Professor of Aerospace Engineering 
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INTRODUCTION 


The dynamics of spacecraft in earih orbit Actions 

bound system dynamics in as much as motions. If in addition, the 

among the iaws of propen.es as during 

spacecraft undergoes spatial and t P . , h - con f leurat ion evolution must also be ac- 

SESEfS SS "d^nlc system, without uncontrollable deviations from desited 

flight paths and attitude configurations. 

The material presented in this paper is par, of an 

understanding of and appreciation for these ‘"potions dd ( , he validation of designs of 

cedutes for high fidelity simulations of on-orbit operatic ms i J. hbjives have high rele- 

future systems prior to their construct, on on-orta. Both ^^"Xsoucted on orbit. For 
S' £ Imtr u a "cr™Uon, critical destgn loads can be expected to occur from 
handling loads during construction. 

One major thntst of the ongoing i^vw^^^n^th^dymtmic^h^cteristki's 

beam is one such mechanism, and the subject of this paper. 


Problem Definition 

suffkiemly^arge^mpared to the wall thickness S ° J^ 

“ ° % and 

100 %. 



Figure 1: Telescopic Beam 
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MATHEMATICAL MODELING 


Equations of Motion 


Mof a ^ d "r C0mprises two bearas slidin « freely relative to each other, as shown in Figure 2 
ttons of ntonon are developed front application of Lagrange’s equaiioVXh can be ^ 


where 


d_( cfr \ dT dV 
dt {^j) dq j + 'd^‘° 


( 1 ) 


T - Kinetic energy of the system 
V = Potential energy of the system 
= U-W e 

U = Strain Energy of the system 
W e = Virtual Work of external forces 
qj = Generalized coordinate 



Figure 2: Idealized Telescopic Beam 

Equati ons for, the sliding segment : 

With reference to the above figure, let 

S 0 be the position of the overlap end of the sliding 
segment at some reference timef 0 
S d is the displacement of the end due to deployment 
motion 

S r is the deformed position of the reference point A 
X r is the Eulerian coordinate of A 
v is the displacement of A in the y- direction 
w is the displacement of A in the z- direction 
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Then 


/ 

$d ~ \Ud c 


l X (\(dv\ 2 (dw 

~ X, + U e 7 J 1 J + 1 


U D = Deployment velocity 
u = Displacement of A due to elasticity 


The velocity vector of A is then given by: 

T l f dv dv . dw <^Y|? , 

r ~ TJ +U v + v— - + H’— -+w— - L + V i 

La - u d + u * 2 { dx dx dx dx ) J 

Now define a displacement u such that 

if dv dv . dw 

u-ij +ji — v i-v— +w— +w— - 

U-U D + U e A A dx dx) 

Then 

A A A 

q =ui_+v[+wk 

The kinetic energy of the system can now be determined as 

T = \m 

1 ( • 2 . *,2 i . 1,2 \ a v 


* . c • r 

l+vj + wk 

(4) 

dw\ 


dx) 

(5) 


(6) 


= i m\\u 

7 Jo 


+ v + w 


The strain energy 


and virtual work quantities can be expressed as 


1 i[ ( d 2 v} 2 V1 f d 2 w 

v ~\[ ®Ha?J 




w = (‘ ( p V + p tvW: wherep, andp, are external distributed loads. 

* Jo v/y z 
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r) 2 u 

mu-EA—~=. 0 
dx 2 


m 


m 


1 ( .. dv . dv du' 
V-- U — + U — +V — 
2 V dx dx dx , 


, pj d\ 

+E, ’-^ =P ’ 


2 l dx dx dXj 


I PJ <? 4 *- 

+EI -as =p - 


( 10 ) 


(ii) 


( 12 ) 


Equations for the Fixed Segment * 

— — “ “ 


u-u - 1 (v^ j . , • dw 
u ~u c T v -r- + v— +H'— +»v — 

2 v <3r dx dx ) 

Characteristic Equations 


(13) 


reduced ^ ,he ab ° ve •¥"*» ° f ™>«» are 

nonlinear terms to yield ' ropp,ng lhe de P l °yment velocity related terms and all 


mii-EA^-~ = 0 

dx 

(14A) 

ri d*v 

mv+EI — — = 0 

dx* 

(14B) 

d 4 w 

mw+EI 7 = 0 
dx 

(140) 
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The equations are completely uncoupled and can be studied by^heUsT of 

“ “ ab “ ' equation of the Euiet-BentouUi , y pe. The 
homogeneous part defines the modal characteristics of the beam system. 


The general solution of the homogeneous equation is given by: 

w(x, t ) = (A cosh fix + A sinh j3x + A cos fa + A sin /fr)sin(fiX -<p) (15) 

= 0 (jc)sin(ox-<p) 


where 


m 




EI 


(16) 


At any stage of deployment 
shown in Figure 3. 


, the telescopic beam can be idealized as a three segment beam as 



\+ L 

Figure 3: Uniform segments of the idealized telescopic beam. 
The general solution above is applicable to each of the segments to yield 

A cosh ftx + A sinh fax + A 3 cos fax + A 4 sin /3,x; 0<x<X R 
0 (*) = \ A cosh p 2 x + B 2 sinh P 2 x + By cos P 2 x + B, sin X R <x<L 

C x cosh p y x + C 2 sinh pyx + C 3 cos PyX + C 4 sin L<x<L + X R 


(17) 


where 




. 2 /n, 

ih 


(18) 


m m 2J m i are the mass per unit length of the respective segments; 

£/’, El 2 , and El , are bending rigidities of the respective segments. 

The constants in these displacement expressions are to be evaluated from a se, of boundary 
Conditions and compatibility relations at the two interfaces of the segme . 
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The boundary conditions are given by: 


0 ,( 0 ) = 0 

^(0) _ Q 

dx 

d\[L + X^_ 

dx 2 

dx 1 

and the compatibility conditions are given by 


<p M=< p 2 (x r ) 

d *i(X*) d<P 2 {X R ) 


dx 

dx 


El. 

= EL 

d%(X M ) 

dx 2 


dx 2 

E, 

= EL 

<‘X(x K ) 

1 dx 3 

l 2 

dx 3 


ML)=d> 3 (L) 

d<p 2 (L) d<p,(L) 


dx dx 


£ d\(L) _ 

d\{L) 

2 dx 2 3 

dx 2 

EJ d\(L) _ 

d%{L) 

2 dx 3 3 

dx 3 


( 19 ) 


( 20 ) 


Introducing the appropriate functions into these conditions results in twelve homoeeneous 
constants. Hence' 161 ™ 1113111 ° f C ° efficient matrix must vanish for non-trivial solution of the 






( 21 ) 
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where 


[10 10 

0 1 0 1 


cosh a ! sinhoti cosotj 
/3 a sinh oc 1 ^ 1 cosha 1 —fi 1 sin(x l 
cosh a l EI X sinh ct l -EI l cos<x l 
EI X sinh a t £/, cosh a , EI l s\na 1 


sina t 
j 3 t cosc ^ 
-EI 1 sina l 
-EI 1 cosa 1 


[C] = 


-cosh a 2 
- /3 2 sinha 2 
-X^EI 2 cosha 2 
-Aj 3 £/ 2 sinh a 2 


-sinha 2 -cosa 2 -sina 2 

cosha 2 AjSina 2 -A,cosa 2 

-A 1 2 £/ 2 sinha 2 X i 2 EI 2 cosa 2 \ 2 EI 2 sma 2 
-X 1 i EI 2 cosha 2 -X?El 2 s\na 2 A, 3 £/ 2 cosa 2 


"cosha 3 sinh a 3 cosa 3 sina 3 
sinha 3 cosha 3 -sina 3 cosa 3 
^ cosh a 3 sinha 3 — cosof 3 — sin0f 3 

sinha 3 cosha 3 sina 3 -cosa 3 


m= 


-cosh a 4 
-.^ sinhc ^ 
-A/ cosh a 4 
-A/sinho^ 


-sinha 4 -cosa 4 -sina 4 

-As cosh a 4 ^sina,, -AjCosg^ 

-A/ sinha 4 A/cosa,, ^ s * na 4 

-A/ cosh a 4 -A/sino^ ^ cosa 4 


[cosha 5 sinha 5 -cosa 5 -sina 5 
sinha s cosha 5 sina 5 -cosa 5 


a l = a 2 ~ P2 X R' ^ p i 


( X3 — ft 2 ^’ 
a, = &(! + *„) 


a 4 — ^3-^* 


a =^- 

^ & 


The determinant equation is nondimensionalized by introducing 


^a = -f 
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Then 


a i ~k% R ; a 2 = \k^ R 

« 3 = Kb a 4 =K Kb a 5 =K 4>*(l + £* ) ( 30 ) 


SAMPLE RESULTS AND DISCUSSION 

« for a t 
of ,he disp,acemem 

Table 1 lists the first 10 eigenvalues for a number of deployment stages The first and la<u 
Figured “ d « the ful * de ^ lengths. 



Table 1: Frequency Parameter Variations with Deployment 


Two trends are immediately evident from the data: 

1. A compaction of the frequencies towards the lower end as deployment proceeds thus 

increasing the modal density in regions of normal dynamic interest, 2 d ’ 

2. The appearance of very close, nearly repeated roots from about the third mode uowards 

for all the partially deployed configurations upwards, 


^r h,he m r ionsof ,he 

Calcar. whip - moti o„ S P o f L 
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The modal characteristics of i the eirteTthiro^fetefy collapsed J fully 

=3SSS»s»i«s=i“ - - 
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Mode Shape Amplitude 




Figure 5: Mode 1 Shapes for 0% & 5 % Deployment 




Figure 6: Mode 2 Shapes for 0% & 5% Deployment 



Mode Shape Amplitude 



















Figure 11: Mode Shapes at 25% Deployment 
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